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e phase separation in binary lipid membrane under the effect of stationary shear
flow is performed. We numerically solved the modified two-dimensional time-dependent Ginzburg–Landau
(TDGL) equations with an external velocity term, employing the CDS (i.e., Cell Dynamical System) technique.
In the present simulation, stationary shear flows with different shear rates are taken into account. The
evolution process of the phase separation is illustrated macroscopically via the snapshot figures and
simulated scattering patterns at several typical moments. For each case, the growth exponents of the
characteristic domain sizes in both directions parallel and perpendicular to the flow are studied, and the
domain area as well. Also, the behavior of the excess viscosity has been investigated, which is a peculiar
rheological indicator of such a membrane system with domain structures.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

Biological cell is the carrier and the fundamental unit of life. Each
living cell is enclosed by a plasma membrane called epicyte in
bioscience. Actually, the epicyte separates the cell's internal contents
from the external environment, dominating the cell's functions such
as the transport of materials, the intermediation of metabolisms, and
the responder to medicaments, etc. The constitution of the epicyte is a
multi-component lipid bilayer with various types of macromolecules
such as intercalated proteins and cholesterols [1]. But in classical
simplified models, such a plasma membrane is reduced to a bilayer
containing merely one species of lipid molecule [2]. During the last
two decades, in order to much more precisely investigate the
properties and functions of the epicyte, an increasing amount of
attentions have been paid to the heterogeneity of multi-component
lipid membranes [3–6]. One of the most important membrane
heterogeneity is biologically called “raft”, which is enriched in
cholesterol, saturated lipids such as sphingomyelin, glycosphingoli-
pids, and certain membrane proteins [7,8]. Because of the important
roles of the rafts in regulating cell functions, including signalling,
endocytosis, apoptosis, protein organization and so on, the complex
process of their formation has aroused extensive interests [9–12].
86 10 62781824.
iu).

l rights reserved.
As a matter of fact, due to the limitation of existing research
techniques, it seems impossible to make an investigation into this
process with veritable epicyte. Because the composition of the
membrane of living eukaryotic cells is extremely complex, consisting
of up to 500 different lipid species and numerous largemolecules such
as proteins. And also, the membrane is structurally and dynamically
coupled to the extra-cellular matrix and the cytoskeleton network
[13]. Therefore, most of the experimental or theoretical studies have
been based on approximately simplified membrane models, e.g.
binary lipid membrane, ternary lipid membrane and so forth. The raft
formation is dominantly driven by lipid–lipid interactions under
appropriate conditions (for example when the temperature is
lowered) [14]. It is reliable to explore this mechanism by means of
binary lipid membrane systems. In binary or multi-component lipid
membranes, the phase separation caused by the differences in
physical properties of the compositions is recognized to be respon-
sible for the formation of rafts in epicyte. Owing to various lipid
membrane systems and diverse methods, large quantities of experi-
ments have been carried out in order to examine the domain
formation and its role in the process of membrane shape transforma-
tion and budding [15–20]. Simultaneously, theoretical forecasts and
numerical simulations came into our sight one after another
ceaselessly. Kumar and Rao introduced an off-lattice kinetic Monte
Carlo technique for studying the dynamics of multi-component
membranes in vesicle form [21]. Laradji and Kumar recently studied
the domain coarsening in multi-component bilayer fluid vesicles with
dissipative particle dynamics in the absence of spontaneous curvature
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[22]. Wallace et al. investigated phase separation in a model
asymmetric membrane by also using the Monte Carlo method [23].
Wada investigated the dynamics of phase separation in two-
component fluid membranes confined between parallel and rigid
bounding plates utilizing the CDS approach [24]. Reigada et al.
presented a simple kinetic model of a two-component deformable and
reactive bilayer [25].

To obtain more credible results, influential effects that were
usually ignored in previous studies are gradually getting into people's
consideration, and the effect of external shear flow is just among
those. Indeed, when lipids cluster into locally planar bilayer structures
to form biological membranes, the surrounding must be an aqueous
environment and will undoubtedly bring in shear flows. In addition,
biological cells are mostly living in liquid environment and under-
going shear forces from various kinds of flows. Representatively, the
membrane of the red blood cell (RBC) is easily deformed by shearing
forces [26], which affects its physiological function of transporting
oxygen [27] and determines the hydrodynamic properties of the
whole blood [28]. It has also been demonstrated that shear stress can
stimulate cell metabolism and increase the membrane fluidity of
vascular endothelial cells [29,30]. Accordingly, in the present work we
will focus on the phase-separation process in a binary lipid membrane
subjected to a stationary shear flow. The kinetics is described by the
modified time-dependent Ginzburg–Landau equation with an exter-
nal velocity term. Shear flows fromweak regime to strong regime are
considered and compared.

In fact, for its potential technological importance, phase separation
has been intensively studied both theoretically and experimentally in
many systems, such as polymer blends, metallic alloys, binary liquid
mixtures [31–33]. Most of the theoretical investigations have been
based on the well known Cahn–Hilliard system [34–36], which is also
the fundamental theory supporting our present work. In recent years,
there has been much interest in the dynamics of phase separation in
the presence of certain external driving fields [37–43]. Our present
work has benefited a lot from these previous studies which have
revealed many differences between such systems and systems in
thermal equilibrium.

This paper is schematically organized as follows. In Section 2, the
model is specified, including the total energy functional and governing
equations, and such complex equations are then solved using a
numerical method on basis of the CDS approach. In Section 3, we
devote to the simulated results and interrelated discussions. Finally in
Section 4 some conclusions will be drawn.

2. Total energy functional and governing equations

As is shown in Fig. 1, our model is described as a single idealized
tow-component membrane consisting of two incompatible amphi-
philes A and B. It is assumed that ϕA and ϕB are the local volume
fraction of A and B components respectively, which will satisfy the
following relationship ϕA+ϕB=1.
Fig. 1. Schematic view of a modulated lipid membrane composed of two amphiphiles A
and B with an external stationary shear flow.
The membrane is defined as a two-dimensional plane surface with
a concentration difference order parameter ϕ, where ϕ=ϕA−ϕB. So as
to satisfy the structural stability of the CDS method discussed in Ref.
[44], instead of the classical potential proposed by Cahn and Hilliard,
the mixing free energy caused by the interaction between the two
components can be presented as

Gmix ¼
Z Z

R
�a ln cosh /ð Þ½ � þ b

2
/2 þ D

2
j/ð Þ2

� �
dxdy ð1Þ

where the parameters α, β, D depend on the properties of the
components and the temperature as well, Σ is the spatial field of the
integration.

The deformable membrane surface is described by [x,y,h(x,y)],
where h(x,y) is the off-plane displacement field for the local
separation from the flat conformation. This representation is valid
for surfaces that are nearly flat with only gradual variations of h. The
rigidity of the membrane leads to an elastic bending energy
contribution to the total energy [45], that is

Gbending ¼ j
2

Z Z
R
2H � C0 /ð Þ½ �2dA

¼ j
2

Z Z
R

j2h� C0 /ð Þ� �2 þ 1
2

C0 /ð Þ½ �2 jhð Þ2
� �

dxdy ð2Þ

where κ is the bending rigidity modulus, C0(ϕ) is the spontaneous
curvature, which reflects the shape asymmetry between the two
components, usually simplified to be C0(ϕ)=−Λϕ (where Λ is called
coupling constant). And H is the mean curvature with the expression
as following

H ¼ 1
2

1þ h2;x
� �

h;yy � 2h;xh;yh;xy þ 1þ h2;y
� �

h;xx

1þ h2;x þ h2;y
� �3=2 ð3Þ

where h ,x=∂h /∂x, h,xy=∂h / (∂x∂y), etc. In our model, since h,x≪1 and

h,y≪1, the approximation H ¼ 1
2

j2hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jjhj2

q is allowed. And the area

measure dA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jhð Þ2

q
dxdy is expanded to second order in h,

which has given rise to the term 1
2 C0 /ð Þ½ �2 jhð Þ2.

The two-dimensional flat membrane can be assumed to be a small
part of a large vesicle exactly. Therefore, surface tension has to be
considered which suppresses membrane deviations from the flat
state. Here comes another energy contribution [23], i.e. the frame
energy

Gframe ¼
Z Z

R

k
2

jhð Þ2dxdy ð4Þ

where k is the surface tension.
With all the energy contributions analyzed above, the total energy

functional of the modeled binary lipid membrane reads

F ¼ Gmix þ Gbending þ Gframe

F ¼
Z Z

R f j
2

j2hþ K/
	 
2þ k

2
þ j K/ð Þ2

4

" #
jhð Þ2�a ln cosh /ð Þ½ �

þ b
2
/2 þ D

2
j/ð Þ2gdxdy:

ð5Þ

For simplicity, we consider the case when the binary lipid
membrane is subject to a stationary shear flowwith a zero-divergence
(i.e.∇ ·V=0) velocity field, which is given as V=(Γy,0,0), where Γ is the
spatially homogeneous shear rate.
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In order to avoid complex work of analyzing dimensions,
dimensionless parameters are firstly introduced to simplify all the
notations mentioned in the foregoing paragraphs:

f ¼ F=kBT; s ¼ t=t0; g ¼ Ct0; j̃ ¼ j=kBT; x̃ ¼ x=a0; ỹ ¼ y=a0; k̃

¼ ka20=kBT;K̃ ¼ Ka0; ã ¼ aa20=kBT; b̃ ¼ ba20=kBT; D̃ ¼ D=kBT; h̃

¼ h=a0; Ṽ ¼ Vt0=a0 ¼ g ỹ;0;0
	 


:

Thus Eq. (5) becomes

f ¼
Z Z

R̃
fj̃
2
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2
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4

2
64

3
75
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2
/2 þ D̃

2
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here, kB is the Boltzmann constant, T is the temperature of the system,
a0 and t0 are the units of length and time scales, respectively. ∇ and
∇2 are the gradient operator and Laplacian operator in the
dimensionless unit plane.

The time evolution of the order parameter ϕ and that of the off-
plane displacement h̃ , are described by the convection–diffusion
equations, which add external velocity terms to the two-dimensional
time-dependent Ginzburg–Landau (TDGL) equations [46,47]
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¼ � Ṽ �j/þMj2 df
d/

� �
ð7AÞ

Ah̃
As

þj � h̃Ṽ
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ð7BÞ

whereM andN are the phenomenological lateral mobility parameters.

Then ignoring the terms behaving small quantities (1=2Mj̃K̃/ jh̃
� �2

in Eq. (8A), 1=2Nj̃ K̃
2
/2j2h̃þ j/ð Þ � jh̃

� �h i
in Eq. (8B), we obtain the

governing equations for the phase-separation process
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Noting that the highly non-linear governing equations are coupling
the temporal field with the spatial field and the two parameters ϕ and
h̃ are also coupled, numerical methods should be the only choice to
solve such equations. With the temporal field discretized, and
employing the Cell Dynamical System (CDS) approach proposed by
Puri and Oono [44], the discrete governing equations are finally
expressed as (refer to Appendix A for details)
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where Iϕ(n,s) and Ih̃ (n,s) are the discrete thermodynamic forces given
by

I/ n; sð Þ ¼ j̃K̃
2 þb̃

� �
/ n; sð Þ � ã tanh / n; sð Þ½ � � D̃j2/ n; sð Þ

þ j̃K̃j2h̃ n; sð Þ
ð10AÞ

I˜h n; sð Þ ¼ j̃j2h̃ n; sð Þ þ j̃K̃/ n; sð Þ � k̃h̃ n; sð Þ: ð10BÞ

3. Results and discussions

In the present work, all the simulations have fixed the standard
parameters to be α̃ =1.3, b̃ =1, D̃ =0.5, κ̃ =10/3, Λ̃ =0.2, k̃ =0.01, and
M=N=0.05 [24]. As the interface width ξ between two domains is

given by n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D̃= ã� 1ð Þ

q
, for the current set of parameters, we have

ξ=1.29. The dimensionless time step is set to be Δs=0.5, and the shear
rate has been changed as γ=0, 2×10−5, 4×10−5, 7×10

−5
,1×10

−4
, 2×10

−4
,

3×10
−4
, 5×10

−4
. The initial distribution of ϕ is specified by random

numbers uniformly distributed in the range [−0.01,0.01] around the
average value ϕ0=0, which corresponds to a completely disordered
uniform state. Simultaneously the initial membrane shape is assumed to
be perfectly flat which indicates h̃(n,0)=0. The variations of the height
field are especially monitored and the condition hj h̃ib0:05 is success-
fully satisfied, so that the model has a real physical correspondence.

3.1. Linear stability analysis of the membrane system

In the absence of external shear flow, the stationary uniform state
of the membrane system corresponds to ϕ=ϕ0 and arbitrary h̃0. The
linear stability of the uniform solutions can be tested by adding small
plane-wave perturbations with wave number k. A Fourier expansion
is introduced as

/ ¼ /0 þ
X
k

Ukse
ik�r ð11AÞ

h̃ ¼ h̃0 þ
X
k

Hkse
ik�r ð11BÞ

where ϕ0=0 and h̃0=0 are the constant composition and height
respectively. In the k≠0 modes, Eqs. (8A) and (8B) become

AUks

As
¼ �Mk2 fW

0
þ j̃K̃

2 þ D̃k2
� �

Uks � j̃K̃k2Hks

h i
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where fW0 ¼ A
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A/2 j/¼/0

¼ �ã 1� tanh 2 /0ð Þ
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þb̃ [23], f0(ϕ)is the two

anterior terms in Eq. (1). Then, Eqs. (12A) and (12B) can be written as
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We assume that the solution of Eq. (13) has the following form

Uks ¼ Ukwe
xks; Hks ¼ Hkwe

xks: ð15Þ

Substituting Eq. (15) into Eq. (13) we have

xk
Uks
Hks


 �
¼ ℝ

Uks
Hks


 �
: ð16Þ

Hence the eigenvalueωk of the Jacobian associated with the matrix
ℝ corresponds to the linear growth rates of the perturbations. Solving
the eigenvalue problem, we finally get

xk ¼
ℝ11 þℝ22ð ÞF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℝ11 �ℝ22ð Þ2þ4ℝ12ℝ21

q
2

ð17Þ

where ℝij i; j ¼ 1;2ð Þ are the components of the matrix ℝ.
Fig. 2 shows the growth rate ω+k as a function of k for different

coupling constant Λ̃ and surface tension k̃ . Other dimensionless
parameters are set to the standard values (specified in the first
paragraph of this section). The parameter ω0=Ma2 /4D

~
is the maximal

growth rate of a bulk spinodal decomposition [24], and a=1−A=−0.3
is the first parameter in the classical Ginzburg–Landau free energy
[48]. A homogeneous distribution of ϕ(ϕ0=0) becomes unstable
against perturbations with finite wave numbers. According to Fig. 2,
Fig. 2. Plots of ω+k as a function of k for different values of Λ̃ and k̃.
increasing k̃ will reduce the range of unstable modes progressively, and
increasing Λ̃ reduces the growth rate of perturbations and makes the
influence of k̃ more distinct.

3.2. Time evolution of phase morphologies

In this subsection, we present the results of the numerical
integration of the governing equations, which enable us to follow
the whole time history of the phase-separation process. In Fig. 3, the
four snapshot pictures in the front of each row visibly show the time
evolution of the phase morphologies, where regions with a positive
order parameter (A rich phase; say, A-rich) are marked brightness
while thosewith a negative order parameter (B rich phase; say, B-rich)
are purely black. And the final image in each row is the membrane
shape at the end moment of the present simulation.

When γ=0, i.e. there is no shear flow applied to the membrane
system, the system is quenched from a disordered phase state into a
two-phase regime, mainly by force of the thermodynamic potential. In
our model, since A and B are in equal concentrations initially, an
isotropic bicontinuous structure emerges in the late stage of the
phase-separation process. When shear flow is applied, the most
obvious effect of shear flow on the phase morphology is that the
growing domains are elongating in the direction of the flow, leading to
an anisotropic morphology, just in agreement with the result of
previous relevant studies [41,49]. More exactly, at the early stagewhile
γs≤1, the shear flow does not exhibit very conspicuous influence on
the phase-separation process. And then, as the evolution time
continues, the domains begin to have an anisotropic feature: the
average direction of the domains becomes apparent and a string-like
phase of domains can be observed. Along with the increasing strain,
the elongating direction rotates and becomesmore andmore oriented
parallel to the flow. The higher the shear rate is, the clearer the
anisotropy will be. It is noted that for strong-shear regime, there is a
stage at which domains break up just before stretching in the flow
direction, as is clearly shown at s=50000 for γ=3×10−4. The domains
are continuously stretching and breaking up until string-like domains
are completely aligned with the flow direction. Subsequently, the
shear flow only will act to make the domains more smooth. Typically,
in the case of γ=5×10−4, the shear rate is strong enough so that at
s=100,000 the string-like domains can be observed to extend
macroscopically in the direction of the flow, forming an extremely
anisotropic phase morphology. For the reason that the field h̃ displays
a same evolution law as the field ϕ does [24], from this section on, our
discussions will only focus on the field ϕ.

3.3. Dynamical evolution of the structure factor

For a more quantitative discussion about the kinetic ordering
process, here we first consider the discrete Fourier transform of ϕ(n,s),
which is defined as

/q sð Þ ¼
X
n

/ n;sð Þ exp iq � nð Þ ð18Þ

with the wave number q=2pn /L and n∈{0,1,…, L−1}2. The main
observable parameter for the description of the phase-separation
kinetics is the structure factor C(q,s), as is given by C q; sð Þ ¼
h/q sð Þ/�q sð Þi, where the average is over the ensemble of the system.
Actually, the structure factor is the direct result of scattering
experiments, being a normal mode for phase separation at different
locations.

As is presented in Fig. 4, when γ=0, the structure factor is isotropic
through the whole evolution process. It is clear that the scattering
circular ring becomes smaller with increasing time, which means that
the maximum of the scattering intensity shifts to smaller wave



Fig. 3. Snapshot figures of the phase morphologies at s=1000, 5000, 50,000, 100,000 and the membrane shape at s=100,000 for each case of γ.
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number. Then, when the shear flow is imposed, at the early stage,
domains are formed but the shear flow has not produced sensible
effects yet, as is discussed in the previous subsection. Thus, for each
shear rate, the structure factor displays the typical isotropic circular
ring and exhibits peaks at a finite wave number. This is corresponding
to the early-time regime without sharp interfaces, as what happens in
the case of no shear. But in later stage, shear-induced anisotropy
becomes apparent, the scattering patterns collapse and rotate
gradually to the y direction which is perpendicular to the flow
direction, as has been experimentally observed in a similar phase-
separating system [49]. When the shear rate is strong enough, at
adequately late time the scattering pattern even transforms to two
small dots located on the y axis, which will become almost invisible if
complete string-like domains are shaped up and smoothed. Such



Fig. 4. Plots of C(q,s) in the q(qy−qx) space at different moments for each case of γ.
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Fig. 5. Plots of time evolution of the characteristic domain sizes for each case of γ and the inset is the corresponding characteristic domain areas versus time, with each coordinate
converted to logarithm.
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anisotropic phenomenon reflects the domain elongation and rotation
in the direction parallel to the flow and indicates a systematic
existence of two characteristic scales in the size distribution of
domains as will be discussed in the next subsection.

3.4. Time growth of characteristic domain sizes

From the knowledge of the structure factor C(q,s), we are allowed
to compute the characteristic domain sizes in the direction parallel to
the flow and that perpendicular to it with the following formulas

Rx sð Þ ¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihq2x sð Þip ;Ry sð Þ ¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hq2y sð Þi

q ð19Þ

where

hq2x sð Þi ¼
R
q2xC q; sð ÞdqR
C q; sð Þdq ; hq2y sð Þi ¼

R
q2yC q; sð ÞdqR
C q; sð Þdq : ð20Þ

According to Fig. 5, there is a critical time point sc≈3000 in the early
stage of all such phase-separation events, before which we have an
early-time isotropic evolution. Ordered domains of the equilibrium
phases are forming at a very gentle speed. In absence of shear flow, the
thermodynamics driving diffusion is dominating the whole segrega-
tion process, coinciding with the results and inferences presented in
previous subsections. The growth exponents of the two characteristic
domain sizes stay equal, namely Rx(s)~s0.24 and Ry(s)~s0.24. It should
be noted that in two-dimensional systems diffusive Lifshitz–Slyozov
theory gives the growth law R(s)~s1/3. Here in our model, the phase
separation is accompanied by the change of the membrane shape.
During this process, some energy of the whole system has been stored
as curvature energy, leading to a slower phase evolution law. Just as has
been reported in other studies, curvature considerably slows down the
coarsening segregation process [25]. When the shear flow is applied,
the shear-induced anisotropy becomes more and more pronounced,
the growth exponents of Rx(s) and Ry(s) start to differ from each other
at an early or later moment. As is shown Fig. 5 and Table 1, in the cases
of neither too weak nor too strong shear rate, after the critical time
sc≈3000, for Rx(s)~sαx, prominently the exponent αx has two different
values, while in the relationship Ry(s)~sαy, αy has three step values.
And it is found that for the cases of 0bγ≤3×10−4, Ry(s) reaches a
maximum at the inflexion between the first step and the second step.
In fact, this inflexion corresponds to the time when the domains have
elongated along the y axis at utmost. As the shear rate is increased,
such an inflexion will appear at an earlier moment.

Such phenomena can be interpreted as follows: After the critical
time sc≈3000, the strain exerted by the flow can produce mainly two
different effects, in particular the breakup and recombination of
domains. Whether the exponents are positive or negative is just
determined by the competition between the two combative effects.
Actually, the fragmentation process is accompanied by the formation
of isotropic clusters, which grow by the force of diffusion. Then the
clusters join to each other as a result of the effect from the flow. From
Table 1
The growth exponents of the characteristic domain sizes and domain area, αxi, αyi, Si are
the corresponding step values

γ 0 2×10−5 4×10−5 7×10−5 1×10−4 2×10−4 3×10−4 5×10−4

Rx αx1 0.24 0.23 0.22 0.20 0.19 0.28 0.37 -
αx2 0.24 0.33 0.56 1.00 1.41 1.07 0.81 0.75

Ry αy1 0.24 0.25 0.28 0.37 0.46 0.41 0.38 -
αy2 0.24 −0.04 −0.29 −0.41 −0.39 −0.35 −0.30 -
αy3 0.24 - - 0.10 0.17 0.21 0.28 0.35

CA S1 0.47 0.48 0.50 0.57 0.65 0.69 0.75 1.10
S2 0.47 0.29 0.27 0.02 0.08 0.17 0.26 -
S3 0.47 - - 1.10 1.58 1.27 1.10 0.79
our results, when the shear rate is quite weak, saying γ=2×10−5 and
γ=4×10−5, it seems impossible for αy to display the third step value.
Whereas when the shear rate is strong enough to be γ=5×10−4, the
first two step values of αy have gone out of our sight as well as the first
value of αx. Furthermore, at the long time later stage, the domains
stretch and break up cyclically, producing an oscillatory pattern
around the typical size. It can be found that there is also a maximum
value of Ry(s), but it comes about in a dissimilar way compared to that
for 0bγ≤3×10−4.

Subsequently, in order to better understand the effect of shear flow
on the power law of the domain growth, the exponents of different
steps in the relationships Rx(s)~ sαx, Ry(s)~ sαy and CA(s)~ sS are
exhibited in Table 1, where we define CA(s)=Rx(s)Ry(s) as the
characteristic domain area. It is quite clear that along with the
accretion of shear rate, disciplines of increasing or decreasing have
acted on these slope values. From these results, we interestingly find
that most of such values reach their extremum when the shear rate
is around 7×10−5 or 1×10−4, while S1 keeps getting lager as γ
increases.

3.5. Behavior of the excess viscosity

The viscosity of a biological membrane is an important factor in
determining the rate at which themembrane can undergo deformation
on a macroscopic scale, and it also influences the rate at which particles
can diffuse in the plane of the surface. These processes play important
roles in awidevarietyof biological phenomena [50]. Changes inviscosity
of the erythrocyte plasma membrane were found in patients with
diabetes mellitus, which would cause the decrease in oxygen binding
and increase in deoxyhemoglobin concentration during diabetes
mellitus [51]. Due to the domain interface during the phase separation,
the membrane system macroscopically shows up excess stresses as its
viscoelastic response. Originally arising from the excess shear stress σxy

e ,
the excess viscosity ηe can be expressed as ηe=ηmix−ηone, where ηmix is
the measured effective viscosity of the membrane with domain
microstructures and ηone is the background viscosity of the mixture in
a homogenized state without domains [42]. Here σxy

e and ηe are
introduced as [52]

rexy sð Þ ¼
Z
jqjVqc

1

2pð Þd
qxqyC q; sð Þdq ð21Þ

ge sð Þ ¼ rexy
g

¼ 1
g

Z
jqjVqc

1

2pð Þd
qxqyC q; sð Þdq ð22Þ

where qc is a phenomenological cutoff, d is the spatial dimension and
equals to 2 in our model.

According to Fig. 6, for γ=0, we cannot define a ηe, but the excess
shear stress rxy

e still comes about and appears to be at a fixed value
after an initial rise. Then for γ≠0, the quantity ηe characterizes the
domain contribution, and the membrane can exhibit strong non-
Newtonian character when the domains are strongly deformed by the
shear flow. Starting from zero in correspondence with the isotropic
initial condition, ηe grows up with time to reach a global-maximum
and later decays, in accord with the experimental result of Miyazawa
et al. [53]. The relative maximum of ηe corresponds to the time when
Ry(s) reaches its maximum. At that moment, the domains are
maximally stretching along the direction perpendicular to the flow,
as the discussions in the previous subsections. Apparently, its position
on the time axis moves leftwards as the shear rate is increased within
the range 0bγ≤3×10−4. However, for γ=4×10−4 and γ=5×10−4, such
a law will not go into operation, for the sake of the dissimilarity
mentioned in Section 3.4.

In fact, in the early stage, the system is quenched from the dis-
ordered phase to a more and more ordered state, causing the excess



Fig. 6. Plots of time evolution of the excess shear stress rxye for γ=0 and the excess viscosity ηe for different shear rates.
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viscosity to increase with time. As the formed string-like domains
stretch further, their average orientation gradually leaves the y axis
and approaches the x axis instead. They break up into two or more
domains, thus dissipating the stored energy. This is believed to be
responsible for the decrease in the excess viscosity. In the strong-shear
regime, taking γ=5×10−4 for example, in the late stage, the flow acts
Fig. 7. Log–log plot of themaximum excess viscosity ηemax as a function of the shear rate
γ.
against the surface tension and induces the stretching of domains,
which can also bring about the decrease of ηe. Then due to the utterly
elongation along the x axis of the domains, ηe eventually vanishes
away, as has been confirmed by Hashimoto et al. [49]. The discipline of
the decrease process has performed different styles corresponding to
the different shear rates. When the shear rate is lower than 1×10−4,
this process generally displays two linear steps, with the slope
coefficients being independent of the shear rate. But for γN1×10−4,
this rule could not stand any more.

Finally, we focus on the maximum of ηe, as is labeled in Fig. 6. On
the basis of our current results, when 0bγ≤3×10−4, the relation-
ship of ηemax scaling with the shear rate can be approximately
expressed as ηemax~γ−1.15, whereas for strong-shear regimes it turns
to ηemax~γ−0.35. This is distinctly shown in Fig. 7.

4. Conclusions

In the present paper, we have performed CDS simulations in the
two-dimensional space to study domain structures and rheological
properties of phase-separating binary lipid membrane undergoing a
stationary shear flow. The current results indicate that when shear
flow is applied to the system, the time evolution is substantially
different from that without such external effect.

Actually, in the early stage of the phase separation, we find that
isotropic phase morphologies emerge, indicating that the shear flow
has not come into force. Then in the late stage, as the domains go on
forming and growing, the anisotropy appears and increases, giving
prominence to the effect of the shear flow. At late enough moments,
random fluctuating domain patterns are observed in the weak shear
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regime, while string-like domains are seen in strong-shear regimes.
Subsequently, being the directly gained results of scattering experi-
ments, the dynamical evolution of the structure factor has been
simulated as well. Concerning the growth law of the characteristic
domain sizes, we found different coarsening behaviors in the two
directions parallel and perpendicular to the flow. It is expected that
the tendency of minimizing the surface free energy (favoring growth
of Rx) and the tendency of breaking up of domains by the flow
(suppressing growth of Ry) can balance each other at a steady state so
that Ry remains finite. Indicating that the decomposing lipids mixture
is endowed with remarkable viscoelastic character, the excess shear
stress or the corresponding excess viscosity of the system has been
investigated. Our simulations reveal that ηe has an overshoot in the
process of domain formation, and the global maximum of ηe behaves
as certain distinct functions of the shear rate inweak and strong-shear
regimes.

It should be noted that quantitative experiments are absolutely
necessary to support the reliability and validity of these numerical
simulations. We are in hopes that the present study could give useful
insights to the practical control of the phase separation in binary lipid
membrane or even in veritable epicyte.
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Appendix A. Algorithm of numerical implementation

First of all, we easily acquire the integration form of the governing
equations in the temporal field

/ sþ Dsð Þ ¼ / sð Þ þ Ds

�f�g � ỹ A/
Ax̃

þMj2½ðj̃K̃2 þb̃Þ/� ã tanh /ð Þ

�D̃j2/þ j̃K̃j2 h̃�g ðA1Þ

h̃ sþ Dsð Þ ¼ h̃ sð Þ þ Ds � �g � ỹ Ah̃
Ax̃

� N j̃j2j2h̃þ j̃K̃j2/� k̃j2h̃
h i( )

:

ðA2Þ

Then, the Cell Dynamical System (CDS) approach proposed by Puri
and Oono [44] is employed to discretize the spatial field. In the CDS
model, the two-dimensional system is discretized into a L×L square
lattice (the current computer simulation has been carried out with
L=128) of the cell size a0. With this, the order parameter field ϕ(n,s)
and the off-plane displacement field h̃(n,s) are assigned to each lattice
point n=(nx,ny) respectively, where we have nx,ny=1,2,3,…, L. Periodic
boundary condition has been imposed in the direction parallel to the
flow [44], that means

/ nx þ P L� 1ð Þ;ny; s
	 
 ¼ / nx;ny; s

	 

h̃ nx þ P L� 1ð Þ;ny; s
	 
 ¼ h̃ nx;ny; s

	 

:

ðA3Þ

But in the direction perpendicular to the flow, there should be
some dissimilarities, which can be expressed as [54]

/ nx þ S sð ÞQ L� 1ð Þ;ny þ Q L� 1ð Þ; s	 
 ¼ / nx;ny; s
	 


h̃ nx þ S sð ÞQ L� 1ð Þ;ny þ Q L� 1ð Þ; s	 
 ¼ h̃ nx;ny; s
	 
 ðA4Þ

where P and Q are arbitrary integers, S sð Þ ¼ R s
0 gdt ¼ gs is the temporal

strain at the moment s.
The gradient operator and the Laplacian operator in such two-
dimensional square lattice are discretely approximated by [44]

jw nx;ny
	 
 ¼ 1

2
w nx þ 1;ny
	 
� w nx � 1;ny

	 

; w nx;ny þ 1

	 
� w nx;ny � 1
	 
	 


ðA5Þ

j2w ¼ 1
6

X
i

wi þ
1
12

X
ii

wii � w ðA6Þ

where ψ is standing for either ϕ or h̃, i represents nearest-neighbor
lattice points and ii represents next-nearest-neighbors.
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